Intelligent Laborarory Systems, 10: 199-210. Methods of using stochastic simulations to treat nonlinear interactions in turbulent combustion processes are described -emphasizing the use of statistical time-series techniques to analyze the turbulence-radiation interactions of nonpremixed flames. Three aspects of the problem are considered, as follows: the statistics of scalar properties in turbulent flames, the formulation of algorithms to simulate flame radiation based on flame statistics, and evaluation of the methodology using recent measurements for nonluminous flames. It is shown that the process becomes tractable through the laminar flamelet approximation whereby all scalar properties are taken to be solely functions of a conserved scalar like the mixture fraction. Thus, the simulations are designed to generate realizations of mixture fractions along radiation paths with the radiation properties of each realization found using a narrow-bond radiation model. An autoregressive process that reproduces probability density functions and spatial and temporal correlations of mixture fractions was found to yield reasonably good predictions of the statistical properties of spectral radiation intensities measured for turbulent carbon monoxide and hydrogen jet flames burning in still air. Although the approach appears to be promising, additional development is needed in order to treat some of the unique statistical features of turbulence that are not encountered during conventional use of statistical time-series techniques.
INTRODUCTION
Stochastic simulations are promising for treating a variety of nonlinear interactions in turbulent flows. Recent studies along these lines include the turbulent dispersion of particles and bubbles [l-5] , the motion and transport of drops in evaporating and combusting sprays [6, 7] , and the turbulenceradiation interactions of nonpremixed flames [8-131. The objective of the present paper is to describe the application of this methodology to processes encountered in turbulent combusting flows. In order to control the scope, the discussion will focus on turbulence-radiation interactions of nonpremixed (diffusion) flames, since this problem involves the most significant features of stochastic simulations of turbulent combustion processes.
Initially, methods of simulating turbulent processes were relatively ad hoc [1,2]; however, more systematic techniques currently are being emphasized. This includes full stochastic simulation of the turbulent field, along the lines of Kraichnan [14] , to study the turbulent dispersion H of particles in an isotropic turbulent field [15] , and adapting statistical time-series techniques, analogous to methods described by Box and Jenkins [15] , for problems of turbulent dispersion of particles [3, 5] and turbulence-radiation interactions [13] . The present discussion will be limited to statistical time-series techniques since they have modest computational requirements and provide reasonable flexibility for treating a variety of practical turbulent flows.
The main reason for interest in turbulenceradiation interactions is that radiation levels of turbulent flames are generally higher (often 2-3 times higher) than estimates based on mean scalar properties within the flames [S-12] . The bias of mean radiation levels is caused by nonlinear relationships between scalar and radiation properties in flames. This precludes averaging scalar properties first and then computing radiation properties; instead, the radiation properties of realizations of the scalar field must be found first and then averaged. Properties other than mean radiation levels are also of interest; for example, fire and flame detectors often use the temporal properties of flame radiation fluctuations to distinguish flames from background radiation. Furthermore, maximum (rather than average) flame radiation levels provide the most conservative estimate of flame radiation properties for fire safety considerations. Finally, studying the temporal properties of radiation fluctuations (moments, probability density functions, and temporal power spectral densities) provides information to better understand turbulence-radiation interactions, analogous to the information provided by the temporal properties of velocity and concentration fluctuations to better understand turbulent mixing. Thus, the general problem of turbulence-radiation interactions involves both the mean and fluctuating radiation properties of turbulent flames [11, 12] .
Statistical time-series simulations of the radiation properties of turbulent flames are based on simulation of scalar properties within the flames. Therefore, the paper begins with a description of the statistics of scalar properties in turbulent flames. The formulation of typical stochastic simulations is then considered. The paper concludes with evaluation of the methodology using measurements from turbulent hydrogen and carbon monoxide jet flames burning in still air.
SCALAR PROPERTIES OF DIFFUSION FLAMES

Scalar property correlations
Assuming equal exchange coefficients of all species and heat, negligible effects of potential and kinetic energies and radiation, and reaction occurring at an infinitely-thin flame sheet, Burke and Schumann [16] showed that scalar properties in laminar nonpremixed flames were functions (called state relationships) of any one of a number of conserved scalars. Although the formal requirements are rather restrictive, state relationships have been found for many laminar flame systems and are widely used for analysis of flame structure and radiation properties. The use of state relationships has also been extended to turbulent nonpremixed flames, since they generally can be approximated as wrinkled laminar flames. The use of state relationships for turbulent nonpremixed flames has come to be called the conserved-scalar formalism under the laminar flamelet approximation [17, 18] .
Typical state relationships are illustrated in Fig.  1 . This involves measurements of the concentrations of major gas species and temperature, T, for radial traverses at various heights, x, above a burner having diameter, d, as well as axial traverses, within laminar nonpremixed carbon monoxide/air flames having various burner Reynolds numbers, Re. In this case, the conserved scalar is the local fuel-equivalence ratio (the mass fraction of fuel elements irrespective of species divided by the stoichiometric mass fraction of fuel elements). Predictions based on the assumption of local thermodynamic equilibrium for an adiabatic flame, using the Gordon and McBride [19] algorithm, are also shown on the figure. Aside from temperature (where radiative heat losses and errors of uncorrected temperature measurements are a factor) the measured state relationships are seen to be in excellent agreement with equilibrium predictions. Thus, the tendency of reactive systems to approach equilibrium provides a physical justifica- tion for the laminar flamelet approximation in this instance.
State relationships for the concentrations of major gas species and temperature, adequate for estimates of structure and radiation properties, have been found from measurements in laminar flames for a variety of fuels burning in air: hydrogen [9, 17] , methane [18, 20, 21] , propane [22] , nheptane [17, 23] , acetylene [ll] and ethylene [lo] . Hydrocarbons exhibit significant departures from local thermodynamic equilibrium at fuel-rich conditions due to effects of finite-rate chemistry associated with soot processes; however, these departures are still relatively universal so that adequate state relationships are still found except near points of flame attachment. Finally, generalized state relationships have been found for hydrocarbon/air flames so that tedious measurements to find state relationships for specific fuels can be avoided [22] .
Application of the conserved-scalar formalism and the laminar flamelet approximation to find the structure of turbulent flames has been reasonably successful for virtually all the materials for which state relationships are available [S-13,17,24,25] . Recent studies also suggest that state relationships for soot volume fractions, an important property for estimates of continuum radiation from soot, exist in turbulent flames having sufficiently long residence times [26, 27] . This implies that scalar properties needed to estimate radiation are strongly correlated through their state relationships and can be simulated by simulating a conserved-scalar alone.
Mixture fraction statistics
Mixture fraction, f, defined as the fraction of elemental mass that originated from the fuel, is the conserved scalar most commonly used to find the scalar structure of turbulent nonpremixed flames. Turbulence models under the conservedscalar formalism are designed to provide estimates of the mean value and variance of mixture fractions [17, 28] . Methods used to estimate the other statistical properties needed to simulate mixture fraction distributions along radiation pathsprobability density functions and correlationswill be considered in the following.
A fuel burning in air involves instantaneous properties at any point that can be pure air, pure fuel or some mixture of the two with scalar properties given by the state relationships. Several n probability density functions (PDFs) of mixture fraction, P(f), have been proposed to accommodate these possibilities but the clipped-Gaussian PDF has received the most attention [28] . This involves a Gaussian function defined in range 0 <f< 1 with the tails of the distribution replaced by Dirac delta functions at f = 0 and 1 that have weights equal to the probability of f-e 0 and f > 1 for the original Gaussian distribution, respectively. Thus, the air intermittency of the flame at any point, defined as the fraction of time spent in ambient air, is given by the weighted Dirac delta function at f = 0.
Recent measurements in noncombusting and cornbusting turbulent flows suggest that the clipped-Gaussian PDF of mixture fraction is reasonable [29, 30] . Some typical results are illustrated in Fig The main deficiency of the clipped-Gaussian fits is that they fail to represent the broadened air intermittency spike caused by direct mixing between turbulent fluid and air near the edge of the flow (the air superlayer). A PDF having additional moments is needed to correct this problem; however, the complication of finding addition moments has not been pursued pending evaluation of the performance of the two-moment PDF. Notably, the functions used for mixture fraction PDFs normally do not have a strong effect upon predictions of scalar properties in turbulent flames [28] .
Correlations of mixture fraction fluctuations, f ', have been measured for turbulent jet-like flows for both noncombusting [31, 32] and combusting [30] conditions. Some typical spatial correlations are illustrated in Fig. 3 for a carbon monoxide jet diffusion flame burning in still air. These results involve two-point spatial correlations of mixture fraction fluctuations for horizontal radial paths through the flame axis at positions before, near, and after the flame tip (x/d = 30, 40, and 50). fit of the spatial correlation:
is also shown in the figure. The exponential function is seen to provide a reasonably good fit of the measurements, as illustrated in Fig. 3 . This is partly due to experimental limitations, since the spatial resolution was not sufficient to resolve the smallest scales of the flow which are expected to modify the correlation near Ar = 0 [30]. Nevertheless, the exponential expression provides a good representation of the larger scales that contain most of the signal energy and are expected to have the greatest influence on turbulence-radiation interactions. It should be noted, however, that these results differ from earlier findings in nearly constant density jets where radial correlations of mixture fraction fluctuations had the shape of a Frenkiel function [31,32] -these differences between combusting and noncombusting conditions must still be resolved.
Temporal correlations of mixture fraction fluctuations have been measured for the turbulent carbon monoxide jet diffusion flames as well [30] . These results were also relatively independent of position and could be correlated by an exponential function analogous to eq. (1) with time differences, At, normalized by the integral time scale, 71 (subject to the same limitations as eq. (1) near At = 0). The exponential form of the low-resolution temporal correlation measurements agrees with earlier findings for noncombusting flows [32] .
With exponential functions established as reasonable approximations of spatial and temporal correlations of mixture fraction fluctuations, the next problem is specification of integral scales. Measurements of these scales for turbulent carbon monoxide jet diffusion flames are illustrated in Fig. 4 . The scales are normalized as r,/x and as ~1~,/(x -x0), where U, is the average velocity at the burner exit and x0 is a virtual origin at x,/d = 13. When correlated in this manner, the measurements tend to collapse to single curves for a range of flame positions. The spatial integral scales are relatively independent of radial position and can be correlated as l?,/x = 0.017. In contrast, 7, is smallest at the axis. This behavior can be explained through Taylor's hypothesis, e.g., 7I -r'/U, where U is the local time-averaged stream- n wise velocity, while I, is nearly independent of radial position and ii is a maximum at the axis.
Results concerning mixture fraction statistics in Figs. 2-4 were generally preserved as the Reynolds number of the carbon monoxide flames was increased [30] . Nevertheless, this only represents fragmentary findings for a single reactant combination, and generalization is needed to treat other flame systems. One proposal has been to assume that the radial spatial integral scale is proportional to the local dissipation length scale [12, 13] , as follows:
where C, is an empirical constant having a value in the range 5-7, C, is a turbulence modeling constant having a value of 0.09, and k and E are mass-weighted (Favre) averaged turbulence kinetic energy and dissipation found from structure predictions using a turbulence model. The temporal integral scale was then estimated using Taylor's hypothesis while assuming that streamwise and radial scales were the same, as follows:
where ii is the mass-weighted (Favre) averaged mean velocity in the streamwise direction. Pqs. (2) and (3) are consistent with the results illustrated in Fig. 4 but additional study of the approximations is certainly needed. For lack of an alternative, eqs.
(2) and (3) will be used to find integral scales in the following.
STOCHASTIC SIMULATION
Formulation
The stochastic simulation provides realizations of mixture fraction distributions along radiation paths through the flow. Given the mixture fractions, the state relationships provide all other scalar properties so that spectral radiation intensities can be calculated from a narrow-band radiation model for each distribution. The resulting ensemble, or time series, of spectral radiation intensities is then used to compute moments, PDFs, correlations and power spectra of spectral radiation intensities in the usual manner. The formulation of the simulation and the narrow-band radiation model will be discussed in the following.
It will be assumed that the statistical properties of mixture fractions are known along the radiation path. This includes P(f) (taken to be a clippedGaussian function), spatial correlations, and temporal correlations if temporal properties are needed (both taken to be exponential functions). Aside from isolated cases where measurements are available [30] , these properties must be estimated from a model of the turbulent combustion process. For flows having relatively high Reynolds numbers, this is generally done using a turbulence model. Fortunately, for relatively simple flame geometries, like buoyant jet flames, turbulence models provide reasonably good estimates of scalar properties, including mean and fluctuating mixture fractions [8] [9] [10] [11] [12] [13] 24, 25] . The necessary statistical properties of mixture fractions are then found as described earlier.
Due to the exponential form of the mixture fraction correlations, it is most convenient to carry out the simulation as an autoregressive process [15] . This involves finding the mixture fraction fluctuation at any point as a weighted sum of fluctuations at other points and a random shock. A procedure of this type encounters difficulties with any finite range PDF, since the fluctuation algorithm can easily generate a value of the variable which is beyond the range of the PDF. This is handled by transforming the simulation from f, which has a clipped-Gaussian PDF, to a corresponding Gaussian random variable z, with appropriate moments to match P(f), so that f=z,O<z<l; f=O, z<o; f=l, z>l equations, needed to find the I$+,. This system of equations has a symmetric positive definite matrix and can be solved readily using Cholesky factorization. Given the +ij, Zf can be found since all quantities on the right-hand side of eq. (7) are known.
A time-independent simulation is initiated by making a random selection for point 1, noting that zl = a 1 from eq. (5) and a2 = t'* 1 1 from eq. (7). The regression relationships are then successively applied to find the remaining z: along the radiation path. Finally, the f, are found from eq. (4), noting that zi = ti + z,:, followed by computation of spectral radiation intensities for this realization, as described earlier. This process is repeated a sufficient number of times to obtain statistically significant radiation properties.
The previously computed points in the regression process of eq. (5) only enter the calculations through their correlations; therefore, time-dependent simulations are essentially the same as timeindependent simulations after appropriately numbering points to keep track of them in space and time. This involves realizations of f along the radiation path at times At apart. The simulation is initiated by finding a realization using the time-independent solution. Realizations are then found at subsequent times considering correlations with all previous realizations, until temporal correlations are properly represented. Subsequently, the points at the earliest time are dropped when calculations for the next time are begun, for computational efficiency.
The main new difficulty with the time-dependent simulation is that two-point-two-time correlations are needed. Information of this type is not available; therefore, the following ad hoc approximation has been adopted for lack of an alternative [13] Since I, is nearly constant over a cross-section of the flow, eq. (3) indicates that errors are greatest in regions where ii varies rapidly. Fortunately, spatial correlations become small for separation distances of I, and ii does not vary significantly over such distances, providing some justification for the approximation. When temporal correlations are exponential, use of eq. (8) for two-point-two-time correlations leads to substantial simplification of time-dependent simulations. Carrying out a derivation similar to that of Box and Jenkins [15] for a pure time series with stationary statistics and an exponential temporal correlation yields similar results for the combined spatial/ temporal simulation with temporal correlations varying according to eq. (8), namely the +ij = 0 for all points at times less than t -At. Thus, only the realization at t -At must be retained while developing the realization at t, vastly reducing the storage and computational requirements of the simulation.
Another useful simplification is that radiation predictions are relatively insensitive to the func-tional form of the spatial correlation, since they are found by integrating properties along a radiation path [13, 33] . Thus, temporal simulations using statistically independent points spaced a distance I, apart along the radiation path yielded results that were essentially the same as simulations that satisfied twenty-point fits of spatial correlations along the radiation paths [13] . This simplification reduces the simulation to a first-order (Markov) process in time at each point, for an exponential temporal correlation, yielding [15] :
where
Correlation corrections
Initial time-series simulations of mixture fraction distributions involved the approximation that correlations off and z were the same [12, 13] . This was adequate in most regions of the flames but discrepancies between actual and simulated correlations of mixture fraction fluctuations were significant in regions where either air or fuel intermittencies were high [13] . The cause of the difficulty is the transformation from f to z, since z has an infinite range while 0 <f I 1. This implies that the correlations of the fluctuations of z must be corrected in order to properly simulate the correlations of the fluctuations of f.
A generalized correction of the z correlations has been developed for any two points, i >j, having identical mean and fluctuating mixture 12
fractions, x = fi = f and p= J'j = 7, i.e., for temporal correlations at stationary conditions. The simulation is carried out with the z variable where --r2,2 ,z zi=zj=Z and zi =zj =z can be found from the transformation of eq. (4). In order for the simulation to yield the correct correlation, fi' &', the value of z,! zJ must be corrected so that the following equation is satisfied fi'$+F where f(zi) and f(zj) are obtained from eq. (4) and P(zj : zi) is the probability density function of zj given zi. Now, the correct correlation for the z variables can be found by considering an autoregressive process between the two points under the present approximations, as follows: Since the temporal correlations of f are exponential, it was convenient to fit the correlations of z in the same manner and to express the corrections of the correlations as ratios between the temporal integral scales of f and z, rf/r,. This ratio is plotted in Fig. 5 as a function of (f r2)1'2 with f as a parameter. The results are symmetric with respect to f= 0.5. The plots of q/7__ at a particular value of f are terminated at the maximum possible value of F2)'/', i.e., where P(f) degenerates to Dirac delta functions at f = 0 and 1. The ratio of 7,/r, decreases from unity as y7')1/2 increases and f approaches either 0 or 1.
Thus, there is no correction when z remains in the range O-l where z = f. Whenever z -C 0 or z > 1, however, z2 > f2 and the correlation for f generally is less than the correlation for z so that T//T, is less than unity.
Simulations using corrected correlations for z were evaluated for v> 0.1. Using lo4 reali- are not the same at the two points are straightforward on a case-by-case basis.
Narrow-band radiation model
Given the distribution of scalar properties along a radiation path, through the stochastic simulation of mixture fractions and the state relationships, spectral radiation intensities are found by solving the equation of radiative transfer along the path. Present results involved using a narrow-band model, ignoring scattering, due to Ludwig et al. [34] . The procedure uses the Goody statistical narrow-band model, with the Curtiss-Godson approximation to account for absorption along inhomogeneous gas paths. This model accounts for the infrared gas bands of water vapor, carbon dioxide, carbon monoxide, and methane, as well as continuum radiation from soot. Radiation contributions of other species in hydrogen, carbon monoxide, and hydrocarbon flames burning in air are generally negligible since these species have small concentrations in regions where temperatures are high.
RESULTS AND DISCUSSION
Some comparisons between simulated and measured radiation properties will be considered in order to illustrate the nature and effectiveness of the simulations. The discussion will be limited to results reported by Kounalakis et al. [12, 13] for vertical turbulent hydrogen and carbon monoxide jet flames burning in still air. Spectral radiation . . mtenstttes, iA, were measured for horizontal radiation paths through the axis of the flames. Predictions were based on the present formulation of the stochastic simulation of mixture fraction distributions. As noted earlier, twenty-point fits of spatial correlations in the simulation yielded essentially the same results as the simplified formulations of eqs. (9) and (10); therefore, the following results are based on the simplified formulation. Mixture fraction statistics were estimated based on structure predictions using a turbulence model. This introduces uncertainties although the turbulence model yielded reasonably good predictions of scalar structure for the same flames during earlier studies [8, 9] .
Predicted and measured probability density functions of i, are illustrated in Fig. 6 for positions before, near, and after the tip of a hydrogen jet flame (x/d = 50, 90, and 130). These results are for a wavelength X = 2520 nm which is within a prominent infrared gas radiation band for water vapor. Near the burner, the PDFs are relatively symmetric but they become increasingly skewed as distance from the burner exit increases. This is an effect of air intermittency as mean radiation levels become small, since the spectral intensity can never be negative while the mean value is generated by occasional periods of high radiation levels. The stochastic predictions represent the measurements reasonably well, particularly for the small path diameter which more closely approximates the negligible path diameter of the simulation.
Predicted and measured temporal power spectra of spectral radiation intensities, I&,(n), are illustrated in Fig. 7 for positions before, near, and after the tip of a carbon monoxide jet flame (x/d = 35, 50, and 65). The power spectra are plotted as a function of frequency, n, both normalized by the characteristic frequency, i&/x, where U, is the mean velocity at the flame axis. The spectra exhibit a break frequency with an energy-containing region having a nearly constant E,(n) at low frequencies, followed by decay of E,(n) with increasing frequency beyond the break frequency. Normalized break frequencies increase somewhat with increasing distance from the burner. This follows since the high temperature region that contributes most to radiant emission is located off axis near the burner and moves toward the axis with increasing distance above the burner. Since temporal integral scales are smallest near the axis (see Fig. 4 ), this implies a corresponding increase in the break frequency when normalized by properties at the axis. The predictions provide reasonable estimates of break frequencies and signal properties in the energy-containing region for the results illustrated in Fig. 7 . The main deficiency of the predictions is that they underestimate the rate of decay of Eh( n) at high frequencies. Two main reasons can be advanced for this behavior. First of all, spectral intensities were measured for a finite diameter radiation path. This tends to average out highfrequency effects over the cross-section of the radiation path in comparison to predictions which represent an infinitely thin path. An indication of this effect can be seen by comparing measurements for 5-and lo-mm-diameter paths appearing in Fig. 7 , which show that the spectra decay more rapidly for the larger-diameter path. Secondly, the exponential correlation function used in the stochastic simulation does not properly truncate high-frequency fluctuations as turbulent microscales are approached, as noted earlier. This causes the predictions to overestimate high frequency signal levels. Resolving these problems would require extension of the stochastic simulation, to allow simulation of groups of parallel radiation paths so that they can be summed over a finite-diameter path and to accommodate high-frequency cut-offs associated with turbulence microscales when simulating correlations. However, since spectral intensity signal energies are relatively small when the discrepancy becomes significant, such extensions are not needed for most applications.
